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ABSTRACT. This paper has two purposes. The first is a generalization of the
theorem of Pursell-Shanks [10]. Our generalization goes by assuming the
existence of a nontrivial core of a Lie algebra. However, it seems to be a
necessary condition for the theorems of Pursell-Shanks type.
The second is the classification of cores under the assumption that the core
itself is infinitesimally transitive at every point. As naturally expected, we
have the nonelliptic, primitive infinite-dimensional Lie algebras.
0. Introduction. Let M and N be connected C* manifolds and X(M) (resp.
X(N)) the Lie algebra of all C* vector fields with compact support on M (resp.

N). A well-known theorem of Pursell-Shanks [10] may be stated as follows:

THEOREM. There exists a Lie algebra isomorphism ® of (M) onto X(N) if and
only if there exists a C* diffeomorphism @ of M onto N such that ® = dep.

The above result still holds for Lie algebras of all infinitesimal automor-
phisms of several geometric structures on M and N. Indeed, Omori [9, §X]
proved the corresponding result in case of volume structures, symplectic
structures, contact structures and fibering structures with compact fibers, and
Koriyama [4] showed this is still true for submanifolds regarding a submani-
fold M’ as a geometric structure on M. Recently, Amemiya [2] gave a
generalization of the theorem of Pursell-Shanks in the case that the Lie algebra
@ is a module over C* functions on M and there is no point on which every
u € g vanishes.

Our first purpose of this paper is to give a unified proof for the above results.

Now, we consider a Lie algebra g (resp. ‘g) of C* vector fields on a
connected, complete C*® riemannian manifold M (resp. N) with the following
conditions:

(C,1) Every u € g is complete (integrable).

(C,2)Ad(expu)g = g for every u € g.

(C,3) g is a locally closed LAS.

(C,4) g has nontrivial core.
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(C,5) g is infinitesimally transitive at every point.
Our first main theorem is stated as follows:

THEOREM A. Let g,’g be Lie algebras of C* vector fields with (C,1)~(C,5).
Then there exists an algebraic isomorphism ®: ¢ —'g which sends a nontrivial
subcore to a subcore if and only if there exists a C® diffeomorphism ¢: M — N
such that ® = dep.

Now, we want to explain conditions (C,1)-(C,5).

Condition (C,1) seems to be natural from the standpoint of the theory of Lie
groups. If M is closed, every vector field is complete. However, if M is not
compact, we have to note the following: Let € be the set all complete C*®
vector fields on M. Then, in general, € is neither a linear space nor a closed
subset in the C*® topology. Moreover C is not closed under the Lie bracket
product. Roughly speaking, Lie algebras with (C,1) are obtained through
various compactifications of M.

If g has the property (C,1), then for any u € g there is a one parameter
group exp fu generated by w. This is a one parameter family of C* diffeomor-
phisms of M onto itself. For any diffeomorphism ¢, we define Ad (p)v by
(Ad (@)v)(p) = dov(p~'(p)). Thus, condition (C,2) seems also natural from
the standpoint of the theory of Lie groups. There are, however, a lot of Lie
algebras without this condition. For instance, set g = { f(x)3/9x} on a line R,
where f is a C® function with compact support, constant on a fixed
neighborhood of 0. Then, g satisfies (C,1) but not (C,2). (Indeed, g satisfies
(C,1){C,5) except (C,2).) However, condition (C,2) does not give a strong
restriction for Lie algebras. It is easy to be satisfied as we can see in §2.

Let g be a Lie algebra of C*® vector fields on M. g is said to be a locally
closed LAS, if the following conditions are satisfied:

(LC) Let {u,} be a sequence in g such that suppu, are contained in a
compact set X for all n. Then lim,_,  u, € g whenever it exists in the C*
topology.

(LAS) Let u be a C* vector field on M with a compact support. Then u€Eg
if and only 1f for any p e M and for any integer k > 0, there is v € g such
that j* hu= j % , where j* Jp is the kth jet at p.

Roughly speakmg, the condmon (LAS) means that g is defined by a linear
differential operator. However, this condition is not used so strictly in the
proof of Theorem A. All results except the proof of Theorem B stated below
hold without condition (C,3) but with the following much weaker condition:

(IC,2) For any v € g with a compact support,

b
f Ad (expruydt € g foranyu € g, —-o00<a<b< oo
a

(Cf. Lemma 1.2 and the remark there.)
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Condition (C,3) plays an important role in the proof of the next main
theorem of this paper. The Lie algebra X(M) of all C*® vector fields with
compact support is an example of Lie algebras with (C,3).

Condition (C,5) means, of course, that dim{u(p); u € g} = dim M at every
p € M. However, this condition is rather technical. Many results in this paper
hold without this condition. So the results which are proved by using (C,5) will
be stated as corollaries in this paper.

Now, we have to explain condition (C,4). Though the precise definition of
the core of g is given in §1, the most essential property of the core Xg) is the
following:

(P) Let u € C(g). For any positive ¢, ¥ can be written as a finite sum
u = 3, u, such that u, € €(g) and diam (supp u,) < ¢, where diam(supp)
means the diameter of the support.

Indeed, Aq) is defined as a maximal subspace of g with the above property
(P) (cf. §1).

As a matter of course, (P) is one of the properties of a subcore. The
existence of a nontrivial core is essential in this paper and indeed gives the
strongest restriction to the Lie algebras. Many important Lie algebras such as
Lie algebras of real analytic vector fields have the trivial core. Moreover, by
condition (C,4), we have to exclude the Lie algebras of infinitesimal automor-
phisms of elliptic G-structures. Cores will be classified under the additional
condition that the core itself is infinitesimally transitive at every point. Indeed,
this is the second purpose of this paper.

THEOREM B. Let Ag) be the core of a Lie algebra with (C,1)-(C,5). Assume
furthermore that Q(g) is infinitesimally transitive at every point. Then (g) is one
of the following Lie algebras: ¥(M ), X,(M ), X,, (M), Xq (M ).

Though the precise definition of the above Lie algebras will be given in §§8
and 9, we want to remark the following:

(i) 2(M) is the Lie algebra of all C* vector fields with compact support.

If M is simply connected, then

(i) X£,(M) is the Lie algebra of all C® contact transformations with
compact support.

(iii) X,y (M) = {u € X(M);dVIu = dy, supp y is compact}.

(iv) %q.(M) = {u € £(M);QJu = dy, supp y is compact}, where dV, ©
are a C® volume form, a C® symplectic form respectively, and J means the
inner product.

If M is not simply connected, then w, dV, @ are multivalued forms on M
and the definitions of cores are a little more complicated. (For the precise
definitions, see the first paragraph of §8 and Lemma 8.4 and §9, (B).) The
classification is based on the corollary of Lemma 8.2.

Now, the proof of Theorem A goes as follows:
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(1) First of all, a characterization of maximal ideals of a subcore b is given.
Then it can be seen that there is a one-to-one correspondence between
maximal ideals § such that § D [b, ] and points of the manifold.

(2) Secondly, the given Lie algebra isomorphism @ sends maximal ideals of
b onto those of 'h = ®(h), hence ¥ induces a one-to-one correspondence @ of
M onto N. This ¢ turns out to be a homeomorphism.

(3) Thirdly, to prove that ¢ is a diffeomorphism, we use condition (C,5) and
the formula ®(Ad (exp tu)v) = Ad (expt®(u))P(v), which will be established
in §5.

If g is without (C,5), then we have only the differentiability of ¢ on each g-
orbit, where g-orbit is an orbit of the group & generated by {exptu;u € g}.
Every g-orbit is an immersed submanifold of M as we will show in §2, but this
fact has been obtained originally by Sussmann [13]. Even in such intransitive
Lie algebra g, if g contains enough information about transversal directions of
orbits, the differentiability of ¢ may be concluded by such information. In
fact, if g is a module over C* functions, the transitivity condition (C,5) can
be easily replaced by the condition that there is no point on which everyu € g
vanishes (cf. §6). Moreover, in several concrete examples related to Hamilton-
ian systems, condition (C,5) can be replaced by some other weaker conditions.
These examples, however, will be discussed elsewhere.

As for the Lie algebras treated in [9, §X], the core is characterized
algebraically by g. Therefore in such Lie algebras, any isomorphism sends the
core to the core. Indeed, if g is the Lie algebra of all infinitesimal contact
transformations with compact support, the core of g is g itself (cf. [9, p. 98]).
If g is the Lie algebra of infinitesimal automorphisms which leave compact
fibers invariant, then the core of g is given by the intersection of all proper
maximal ideals (cf. [9, p. 138]). If g is the Lie algebra of infinitesimal
automorphisms of a symplectic or a volume structure, then the core of g is
given by the derived algebra [g, g] under the additional condition that M is
closed, where the derived algebra means the finite sum of elements [u,v), u, v
€ g. However, Omori’s proof in [9, §X] contains a gap. Lemma 10.4.1 in [9]
holds only for the case M is closed, and Lemma 10.3.2 is proved by using the
above lemma implicitly. So the precise proof will be given in §6 in this paper.

The proof of Theorem B is, of course, based on the classification of the
primitive, complete Lie algebras, obtained by Singer and Sternberg [12],
Morimoto and Tanaka [7], Shnider [11] and Guillemin [3]. The proof goes as
follows:

(1) Let € be the core of given Lie algebra g. € is infinitesimally transitive at
every point by the hypothesis of the theorem. First of all, we will show that
the isotropy subalgebra €, of € at p € M is a maximal subalgebra (cf. §3).
We take the Taylor expansions of all # € € at a point p € M and take the
closure of it in the linear topology of the formal power series. Then, we get
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one of the 14 Lie algebras in the classification table of complete primitive Lie
algebras.

(2) Secondly, using the transitivity of €, we make a G-structure on M so that
the group @ generated by {expfu;u € €} may become an auotmorphism
group.

(3) Thirdly, by condition (C,4) we exclude the case that G is elliptic. Thus,
only the 6 cases remain.

(4) Fourthly, by case-by-case method combined with condition (C,3), we fix
the core.

Step (4) is the only reason why we restrict ourselves to transitive cores
instead of treating the restriction of € onto €-orbit. Though many lemmas in
the proof of Theorem B hold for the Lie algebra € restricted to a €-orbit 6,
the local closedness of (&IOP is not guaranteed by that of g.

1. Definition of the core, subcores and several properties. Let M be a
connected, complete C® riemannian manifold and g a Lie algebra of C*
vector fields on M with conditions (C,1)-(C,3). For any subspace § of g, we
denote by Z(h) the subset of all common zeros of h. Let S be the set of all
subspaces § of g with the following property:

(P) For any u € b, there is a compact set K, such that K, N Z,(h) = &
and, for any positive ¢,  can be written as a finite sum 4 = 2, u, such that
u, € b, suppu, C K, and diam (suppu,) < e.

The above property means especially that every 4 € } is identically zero in
a neighborhood of Z(h).

Lemma 1.1 If b, b, € S, then by + b, € S.

ProOF. Note that Z,(h; + b,) = Z;(h;) N Zy(h,). For any u+v € b,
+b,, we set K,,, = K, U K,. Then, we have K,,, N Z,(h +5,) = 2.
Other properties can be easily checked.

Since § is a partially ordered set, we see by the above lemma that there is a

unique maximal element ©(g), which will be called the core of g.

LeMMA 1.2. Let v be an element of g with a compact support. Then,
J;" Ad (exptu)vdt € g for any u € g and for any a, b such that —0 < a < b
< oo (i.e., g sarsifies (IC,2)).

PrOOF. K = Ure[q) SUPP Ad (expru)v is a compact set, hence so is
b . . .. . .
suppf, Ad (exp tu)vdt. Since the integration is a limit of finite sum, we have
fa" Ad (expru)vdt € g.
REMARK. Once this property (IC,2) is established, we do not use the local
closedness any more until §8.

LEMMA 1.3. Suppose u € g does not vanish at p € M. Then there is a
relatively compact open neighborhood V(p) of p satisfying the following: For any
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v € g with suppv C V(p), there is I(v) € g such that [u,I(v)] = v on V(p).

Proor. There is an open coordinate neighborhood U(p) of p with a
coordinat.. system x|, ..., x, such that u = 3/3x; on U(p). We choose a
sufficiently small cubic neighborhood V(p) = (—a,a) X : -+ X (—a,a) such
that (-3a,3a) X (—a,a) X - -+ X (=a,a) is still contained in U(p). Now, we set
I(v) = jbza Ad(exp tu)v dt. By the above lemma, we see that I(v) € g. On the
other hand, for any (x,,...,x,) € V(p),

(Ad (exptu)v)(xy, ..., x,) = vlx; = t,x3,...,X,).

Thus, we have the following for any v € g with suppv C V(p):

X X
1) (x5 .- %,) =fxl'_20 v(t,xz,...,x,,)dt=f_a' v(t, Xy, .. 0, x,)dl.

Hence, it is clear that [u, I(v)] = v on V(p).
Now, let X(g) be the core of g. By [C(g), g] we denote the space of the finite
sum of elements [u,v], u € C(g), v € g.

LemMa 1.4. Z4([C(g), a]) = Z4(C(g)).

PROOF. Since suppu N =((C(g)) = & for any u € C(g) (cf. the property
(P), we have Z(€(a), a]) D Zo(&(a)).

Now, for any point p € M — Z,(C(g)) there is u € C(g) such that u(p)
# 0. Hence by the above lemma there is a relatively compact neighborhood
V(p) such that if v € g has the property suppv C V(p), then [u, I(v)] = von
V(p). On the other hand, the core has the property (P). Therefore, there is
w € C(g) such that suppw C V(p) and w(p) # 0. Thus, we have [C(g), g](p)
# {0} where p € M — Z,(C(g)).

The following are the properties of the core Xg) of g which will be used in
this paper:

PROPOSITION 1.1. Let C(g) be the core of g with (C,1)-(C,3).
(i) C(g) is an ideal of g.

(i) Ad (expru)C(g) = C(g) forany u € g,t € R.

(iii) @(g) has the property (P) replacing b by Xg).

(iv) j;b Ad (exp tu)vdt € C(g) for any u € g, v € C(g).

PROOF. (iii) is trivial by definition.

(i) Letw = 3, [u,,y,), u, € C(g), y, € g, be an element of [(g), g]. Since
C(g) has property (P), there are compact sets K, . Set K, = UK, . Then
K, N Zy(C(a), g]) = D because of Lemma 1.4. So, it is easy to check that
[€(a), 6] has property (P); hence by the maximality we have [C(g),g] C C(a).

(ii) Let @ = exptu. It is easy to see that Zy(Ad (9)C(g)) = ¢Z,(C(a)). For
any v € @(g), there is a compact set K, stated in property (P). We set
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Kpggp = 9K, . It is now easy to check that Ad (p)@(g) has property (P), and
hence Ad (p)C(g) C C(g), but this implies Ad (p)C(g) = C(g) because the
same is true for ¢ -1

We remark that the above equality also shows that <p20(@(g )) = Z4(C(g)).

(iv) Let b be the linear space of the finite sum of elements f Ad (exp tuvadt,
v € @(g), where u € g is arbitrarily fixed and c, d are arbitrary. It is enough
to show that @(g) + b satisfies condition (P). Remark that Z,(C(g) + b)
C Z,(C(g)). For any v € C(g), there is a compact set K, stated in property
(P). Since K, N Z,(C(a)) = & and Z((C(g)) is invariant under the group &
generated by {exptu;u € g}, we see that K, = U,¢y, d]‘P:K is compact and
K, N 2y(C(g)) = O, where ¢, = exptu. Slnce [c,d] X K, is compact, for any
€ > 0 there is § > 0 and an integer m such that p(¢,( p), <p,(q)) < & whenever
P q €EK, p(p,q) <8 and t,5 € [c,d], |t —s| < 1/m, where p means the
distance. By property (P), v can be written as a finite sum v = 3 v, such that
v, € C(g), suppy, C K, and diam (suppy,) < 8. Divide the interval [c,d]
into many small intervals {/} so that the diameter of each I, is less than 1 /m.
Now, we have

d
f Ad (exprudt = 3 3 f Ad (exp tu)y, dt
[+ a J II
and
supp fl/ Ad (exp tu)y,dt C K,,.

Moreover,

diam (supp f: Ad (exp )y, dt) <e
J

Using the above result, we get easily that G(g) + b has property (P).
REMARK. Property (ii) holds for any diffeomorphism ¢ of M such that

Ad (p)g = 6.
COROLLARY L.1. If g satisfies (C,5), then Z4(C(g)) = D or M.

ProoF. The group ® generated by {exptu; u € g} acts transitively on M,
but the set Z,(C(g)) is G-invariant.

DEFINITION. An ideal § of g will be called a subcore of g if b has the
following properties:

(i) Ad (expu)h = hforanyu € g, € R.

(ii) b has property (P).

(iii) j;b Ad (exptu)vdt € hforanyu € g,v € b.

If g is a module over C* functions on M with Z,(g) = &, then the core
Ag) is the totality of u € g with compact support. Let S be a @-invariant
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subset of M and let

b = {u € g; supp u is compact,u = 0 on a neighborhood of S}.

Then § is an ideal and a module over C® functions on M. In fact, § is a
subcore of g.

2. Some remarks on the conditions (C,2) and (C,3), and g-orbits. Let g be a
Lie algebra of C*® vector fields on M with the properties (C,1)(C,3). Let
I(T?9) be the space of all p-covariant and g-contravariant tensor fields on M.
The group of diffeomorphisms acts naturally on I'(77?) and hence we have
the notion of Lie derivatives &,: I(T79) — I(T?7) for any vector field u.

PROPOSITION 2.1. The following Lie subalgebras of g satisfy (C,1)<(C,3):

@) ¢y = {u € g;R,T = 0} for any T € I(TP).

(ii) g = {v € ¢;R,S C S), where S is a linear space of T(TP9) with one of
the following properties:

(a) S is spanned over the real numbers by a finite number of T,...,
€ I(T?9) such that, for any p E M, there is k satisfying that j, kr. ..., jp" Ty
are linearly independent, where j* Jp is the kth jet at p.

(b) S is a module over the C® functions on M generated by T, ..., Ty
€ I(TP9) such that S is closed in the C*® topology.

ProoF. Obviously, gr and gg satisfy (C,1). As for (C,2), we give the proof
for the case (ii)(b). Others are much easier by the same proof. Let T}, ..., Ty
be generators of S. Obviously, u € g is contained in gg if and only if
S T € S. Hence there is an N-by-N matrix 4 of C* functions such that

=X A; T, where 4 = (4; ). Let @, be the one parameter group generat-
ed by u and ¢, the natural actxon of ¢, onto [(T79). By the definition of Lie
derivatives, we have

4@ D) = o @D = 3 4,0,0) @ ).

Consider the equation of the N-by-N matrix X (1,x) = (X; (¢, x)),

*) %X (6x) = Alp,(x)X(t,x),  X(0,x) =id

where x € M is regarded as a parameter. So, equation () has a unique
solution X(z,x) which is of C® with respect to (s, x). Obviously, we have
(@ T)(x) = 3, X;(6, )T(x); hence ¢; T, € S. Thus, ¢S = S for any u
(S gs.

On the other hand, we have

S-]{tp,(expsu)q),_l - l}*S CS foranyv € gg,
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where ¢, = exptu, u € gg. By the closedness of S, the limit s — 0 is still
contained in S. Therefore, £,4¢,),S C S. Since Ad (¢,)v € g by the assump-
tion, we have Ad (p,)v € gg. Thus, gg has property (C,2).

For the proof that g has property (C,3), we have only to note that ¢, T = 0
is a differential operator of order one with respect to ». Then it is easy to get
the result. For cases (ii)(a) and (b), it is also easy to see that gg satisfies (LC)
because of the closedness of S.

Letubea C® vector field with a compact support such that, foranyp € M
and k > 0, there is v € ag satisfying j* k. By the assumptlon, we
have u € g. Now, we consider case (u)&) Assume that jp I,... jp Ty are
linearly independent. Then there is an open neighborhood V of p on which
J "7,' R 1 Ty are linearly independent. Note that

@ T) = Jf@nT) = 2 >‘Ji',q,rj; T
where )\J' 4 are constants. If r > k, then )\' , are uniquely determined by

Jq" *1,. Hence, these are independent from r, and are C* functions of g on V.
Since j"*!(2, T) = j'j"(], T;), we have

2 (J},‘ 7\},4)(/;,' T)=0 onV,

but this means that )\' are constant on V. Thus, we get _1"(53"7,’ > )\, T)
= 0 on V; hence 8, T = A’ T on V. Since M is connected, we have that
u € gg.

Now, consider case (ii)(b). Since j;(8,T) = j, (Q,,m T) €,S for any
r > 0, we have &, T, € S by Corollary l 7 of [5 p. 25] Since S = S, we have
the desired result

Let g,, vy € A, be Lie algebras with (C,1) and (C,2). Then, it is easy to see
that g = M, ¢, 8, satisfies (C,1) and (C,2). The following is also a simple
remark, but this will be used later:

LEMMA 2.1. Let g be a Lie algebra with (C,1) and (C,2) and Y a closed finite

codimensional subalgebra of g. Then Y satisfies (C,1) and (C,2). Moreover, if b is
an ideal, then Ad (exptu)h = b forany u € g.

PROOF. g/} is a finite dimensional space and the projection =: g — g/} is
continuous. For any u € b, ad (u): ¢ — g leaves b invariant. Therefore u
induces a linear map A(u): g/b — g/b such that A(u)r = = ad (u). We
consider 7(Ad (exp tu)v) and 4@y for any v € g. The first one satisfies

2 #(Ad (exp 1)) = nlu, Ad (exp ] = A(m(Ad (exp o).

The second satisfies
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gie"‘(“)ﬂv = A(u)e" @ qy.

These are the same equations. Therefore, we have m(Ad (exp tu)y) = 4@y,
because the initial conditions are the same. If v € b, then 7w = 0. Therefore,
Ad (exptu)v € b.

If b is an ideal of g, then we can use any u € g instead of u € § in the
above argument; hence we have the desired result.

Let g be a Lie algebra with (C,1) and (C,2), and ® the group generated by
{exptu;u € g}. We will show next that the orbit ®(p) of p € M is an
immersed submanifold of M. Let m = dim{u(p); u € g}. We choose m vector
fields v, ..., y, € g such that v/(p),..., y,(p) are linearly independent.
Define a C* mapping &, of R™ into M by

&) (ts e sty) = exp(tyy + -+ + 1,,1,)(p).

Obviously, the derivative (d8p)0 at the origin is of maximal rank; hence there
is a neighborhood U of 0 of R™ such that &,(U) is an m-dimensional
submanifold of M.

LemMa 2.2. The tangent space T,§,(U) of ¢ € & »(U) is given by g(q)

= {u(g);u € g}.

PROOF Let q="56,(r,...,7,), ie, g =q(p), 9 = expw and w = 5y,
+ - - (A& )(1\' .m)R” is the tangent space of & »(U) at g. Since
d(pg( p) = g(q) we have only to show that dp~' (d& A )R = g(p).

Set ¢, = exptw and consider dp; ' (d6 o, ... )t X> Where X = (@,...,

0,) €ER™.Setv =0,y + -+ 0,u,. Then

10
do, (d5 )t(-r )X = do, la_sls oexP’(W + sv)(p).

.....

If ¢t = 0, then this is zero. Hence

exp(w +sv)(p) =

s::

f at¢, expt(w+sv)(p)dt

d(p-l%
= j; 7 mo{—dmfl w(expt(w + sv)(p))
+d<p,"(w + sv)(expt(w + sv)(p))}at

19
~Jo 3s|,-0

=

sdo, Yo(expt(w + sv)(p))dt

= [} do oot = [ (Adlgr WP
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Since (Ad (p;')v)(p) € a(p), we have fj (Ad (p;')v)(p)dr € g(p). Since
both sides have the same dimension, we have

do~'(d6,), . . \R™ = g(p).

The above lemma shows that any u € g defines a tangent vector field on
&,(U). Therefore, if we make another 6,(U’) for q € §,(U) by the same
procedure, then 8P(U ) U 6q( U’) is a connected submanifold of M. We make
such & (U’) at every q of the ®-orbit G(p). Then, we see

®(p) = U{E,(U’);q € &(p))

and hence ®(p) is an immersed submanifold of M such that the tangent space
T, ®(p) is given by G(g) (cf. [13, Theorem 4.1]). This orbit ®(p) will be called
a g-orbit of p.

Now, let g be a Lie algebra with conditions (C,1) and (C,2), and N be a g-
orbit. We set m = dimN, n = dimM. For any p € N, there is a C®
diffeomorphism 7 of a neighborhood V of the origin 0 of R*™™ into M such
that 7(0) = p and n(V') is a submanifold of M which is transversal to N at p.
Let v, ...,y, be elements of g such that v (p), ..., y,(p) are linearly
independent. We make a C* mapping &, of ¥ X R™ into M by

5V(x, t] PO ,tm) = exp(tl Ul + e+ tmum)(n(x)).

This is of maximal rank at (0,0); hence there are open, contractible neighbor-
hoods W, U of the origins of R"™™, R™ respectively such that W C V and the
restriction of &, onto W X U is a C* diffeomorphism onto a neighborhood of
P € M. Note that if g = n(x), x € W, is a point of N, then &,(x,U) is a
neighborhood of 7(x) in the manifold N. Thus, we have the following existence
of slice box.

LEMMA 2.3. Let N be a g-orbit. For any point p € N, there is a C*®
diffeomorphism &,: W X U — M such that &,(0,0) = p and for each ¢ € N
N &,(W X U) there exists x € W such that &,(x, U) is a neighborhood of q in
N.

Proor. For any ¢ € N N &,(W X U), there exists x € W such that
6,(x,U) 3 gq. Thus, we have only to show that &,(x, U) C N.By Lemma 2.2,
we know that any integral curve (exp tu)(q) of u € g with the initial point ¢
is contained in &y(x,U) for sufficiently small ¢. Therefore, &,(x,U) is
contained in the g-orbit N. Since &,(x, *): U — N is of maximal rank, we see
that &,(x, U) is an open subset of N. This proves the lemma.

Let g be a Lie algebra on M with properties (C,1), (C,2) and the following:

b
aczy L Ad (exptu)vdt € g foranyu,v € g.
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If any u € g has a compact support, then conditions (C,1)-(C,3) yield
property (IC,2), because of Lemma 1.2. So, cores of Lie algebras with
(C,1)~(C,4) have properties (C,1), (C,2) and (IC,2)"::

Let N be a g-orbit of p € M, and gy the restriction of g onto the immersed
submanifold N. N is, of course, invariant under the group ® generated by
{exptu;u € g}.

LEMMA 2.4. Notations and assumptions being as above, the restriction gy has
properties (C,1), (C,2) and (1C,2)'.

Proof is easy by definitions.

REMARK. The restriction of a riemannian metric on M onto N is not
complete in general. So, the restriction G(g)y of the core of g may not be the
core of gy.

3. Maximality of isotropy subalgebras of a core. Let g be a Lie algebra of C*
vector fields on M with properties (C,1), (C,2), (IC,2) and (C,4) in the
introduction, and € the core of g. For a point p € M — Z(€), we denote by
€, the isotropy subalgebra of € at p. The purpose of this section is to show
that €, is a maximal subalgebra of €.

Now, € has the properties (C,1), (C,2) and (IC,2) of the previous section.
Let N be a G-orbit of p € M — Z)(€). We fix an arbitrary complete C*
riemannian metric on N. The following are the properties of the restriction €
of € which will be used in this paper:

PROPOSITION 3.1. (i) Every u € € is complete.

(i) Ad (exptu)Cy = €y foranyu € €y, t €R.

(iii) fab Ad (expru)vdt € Gy for any u,v € €y, —0 < a < b < 0.

(iv) Let K, q be a compact set of N and a point of N, respectively, such that
K ® q. Let € be an arbitrary positive number. For any u € €y such that
u(g) # 0, there is v € Gy with the following properties:

(a) v = u on a neighborhood of q.

(b) v = 0 on a neighborhood of K.

(c) The diameter of the connected component of supp v containing q is less
than ¢, where the diameter is given by using an arbitrarily fixed complete
riemannian metric on N.

PRrOOF. (i), (ii) and (iii) have been proved in Lemma 2.4. As for (iv), we use
Lemma 2.3 and property (P) of cores. Then it is not hard to get the desired
result.

Let €, be the isotropy subalgebra of € at p € M — Zy(€), and €, p the
restriction of €, onto N. €y , is the isotropy subalgebra of €y at p € N. Let
b’ be a subalgebra of €y such that €y , S b’ & €. Weseth = {u € C;uly
€ b’}. Then b is a subalgebra of € such that €, & b & C. The converse is
also true.
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Now, since h D (Sp and (Sp is a closed finite codimensional subspace of € in
the C*® topology, we see that } is a closed finite codimensional subalgebra of
€. By the same reasoning, we see also that any subalgebra b’ of €y such that
o€ N.p is a closed finite codimensional subalgebra. Hence by Lemma 2.1,
we have that Ad (expru)y = Y for any u € §'. By Lemma 2.2 and remarks
there, we can define by’ -orbits in the manifold N.

THEOREM 3.1. Let N be a C-orbit of p € M — Zy(€). Then the isotropy
subalgebra €, , is a maximal subalgebra of €.

PROOF. Let b be a subalgebra of € such that GSN S hGCy. Let be
the group generated by {expfu;u € b}. The h-orbit of p is in fact given by
Y(p). For any g € ¥(p) such that g # p, there is u € €y such that
u(g) & b(g). Remark that b(g) is the tangent space of I(p) at g (cf. Lemma
2.2). By Proposition 3.1, there is v € €, such that v(g) = u(g) and v = 0 on
a neighborhood of p. We set @, = exp w. Then, ¢, 3(p) # I(p) for some ¢,
because otherwise we have dim 3((p) > dim b(g). Remark however, that
v € €y , C b; hence Ad (tp,)b = h. So, we have <p,‘JC<p, = 9, because
exp Ad (q:,)w = ¢,(exp w)<p, Since ¢, ~1(p) = p, the above equality shows
that ¢, 3((p) = H(p). This is a contradiction and hence we have €y pisa
maximal subalgebra of €.

4. Proper maximal ideals of a subcore. Let g be a Lie algebra of C*® vector
fields on M with conditions (C,1), (C,2), (IC,2) and (C,4) in the introduction.
Let §) be a nontrivial subcore of g. Throughout this section, § means always a
proper maximal ideal of § such that § D [h,h]. We denote by B(p,e) the e-
neighborhood of p in M by an arbitrarily fixed complete riemannian metric on
M. By l)g( 2> We mean the totality of u such that u = 0 on B(p,e).

LEMMA 4.1. There is a point p € M such that § D bB( o)’

PROOF. Suppose ) = § + 52 B(p,e) for any point p € M. By property (P), any
u, v € b can be written as finite sums u = 3 u,, v = X5 vg such that u,,
vp €h and diam (suppu,) < ¢/2, diam (supp y5) < /2. Thus, [u,1]
= 2 [u,,y5] where the summation runs through all pairs (a, B) such that
suppu, N suppyg # &. Note that if suppu, N suppvg # &, then there is a
pomt PEM such that B(p,e) contains suppu U suppyg. Since b = ¢
+ bB(pe)’ we see that there is %, € 4, w, € bB pe) Such that u, =@, + w,.
Therefore [u,,15] = [ua,uﬁ] €4 ThlS means thatg D [b, b], contradnctlng the
assumption for 4. So, thereisp € M such thath 2 § + ba( p¢)+ The right-hand
side is an ideal of b. Therefore the maximality of § shows the lemma.

Wesetd, = {p € M; bg(p’e) C 4}

LEMMA 4.2. If € > 8, then A, D A (the closure of Ay).



102 A. KORIYAMA, Y. MAEDA AND H. OMORI

PROOF. Let p be a point in A;. There is ¢ € A, such that p(p,q) < e — 6.
Then, obviously, bg( se) C bg(q,&) cs.

LEMMA 4.3. Notations and assumptions being as above, there is a unique point
p € M — Z(b) such that § D bY, where b;,' = {u € b;u = 0 on a neighbor-
hood of p).

PRrOOF. It is easy to see that, for a sufficiently small ¢, 4, is contained in a
compact subset of M. Thus, by the above lemma, there is a point p
€ M,>o4,- Obviously § O bg( ».) for any e. Hence we have § O b},’ . Note that
if p # q then b;' + t);’ = | by property (P). Therefore such a point p must be
unique. Recall that any u € b is identically zero on a neighborhood of Z(h).
Therefore §) = b;,' for any p € Zy(h). Therefore the point p obtained above
cannot be in Zy(h).

LeMMA 4.4. Every u € $ vanishes at p.

Proor. If u € 9 does not vanish at p, then use Lemma 1.3, and we have
$=0
Let

by = {u € b;(ad (w)---ad (wy)u)(p) = 0

for any N and w,...,wy € b}.

LeMMA 4.5. Suppose $ O by, p € M — 2(b). Then § = b;°.

PROOF. By the above lemma, we have § C b;° . Since b,‘,” is an ideal of b, we
get § = b, by the maximality.

LemMA 4.6. For any p € M — Zy(b), b,’ is a maximal ideal of b such that
bf :D [b’ b]'

Proor. By the above lemma, we see that b;° is a maximal ideal of §. To
show that bf D [b,b], we have only to remark that there is an element

w € [b,b] such that w(p) # 0 (cf. Lemma 1.3).
Hence, we have

PROPOSITION 4.1. There is a one-to-one correspondence of the points of
M — 2,(5) onto the set of all maximal ideals § of b such that $ D [b,5].

5. Continuity of the isomorphism @ and the proof of Theorem A. We use the
same notations as in the previous section. First of all, we will give the
following characterization of zeros of u, which is essentially due to Pursell and

Shanks [10]:

LEMMA 5.1. For any point p € M — Z,(b), u € b does not vanish at p if and
only if [u, 5] + b, = b.
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ProOF. If u(p) # 0, then Lemma 1.3 combined with property (P) shows that
[w,I()] - v €b) CbY.

Assume conversely that [4,8] + b* = p. Assume furthermore that u(p)
= (. Then, we see that ad (u)b" c bl" , where

= {u € b;(ad (w) - -ad (w)u)(p) = 0
forany0 <j < kandwy,...,w; € b}.

We may assume that there is k < oo such that bo #* b" because otherwise,
u € b’ and, hence, [u, b+ b, = B’ S b We ﬁx such k. The equality

[4,b] + b,° = b means that ad(u) induces a linear mapping A4(u) of h/ b" onto
itself; hence A(u) must be a linear isomorphism, because dim §/ hp < oo

Let 4 be the equivalence class of u in h/ b" Then, A(u)i = 0. Thus, we get
u€ I)k Therefore [u, bO] (- bk This means that A(u)bo/ E)" = 0. This is a
contradxctlon and hence we have u(p) # 0.

Let g, ‘g be Lie algebras of C*® vector fields on M and N, respectively, with
conditions (C,1), (C,2), (IC,2) and (C,4). Let ® be an isomorphism of g onto

‘g such that ® sends a nontrivial subcore § to a subcore ‘h.

For any point p € M — Z(h), b is a maximal ideal of b such that
E)°° D [6,5). Hence, (I>(b°°) isa maxnmal ideal of 'f with ®(5,°) D ['b, ’p). By
Proposmon 4.1, there is a point @(p) € N — Zy('h) such that d>(b°°)

’E)(p( »)- @ is obviously a one-to-one mapping of M — Zy(b)onto N — 20('b)

LEMMA 5.2. ¢: M — 2y(h) = N — Z,('b) is a homeomorphism.

The proof is seen in Pursell and Shanks [10, p. 471] or Koriyama [4,

Proposition 4.7].
Now, & induces an isomorphism of § onto ‘. By Lemma 5.1, we see that

Q(bg) = ’bg(p) foranyp € M — Z,(b).
LEMMA 5.3. ®: § — 'Y is continuous in the pointwise convergence topology.
ProoOF. ®: h — '} induces a linear isomorphism <I> of h/ b onto b/’ b‘p( 5
This is continuous, because dim §/ bg < . For any u € b, u( p) is canonical-

ly identified with an element of b/ f),(,) and (I>p(u( p)) = ®u)(¢(p)). Therefore,
if {w,} converges to w € b in the pointwise convergence topology, we have

Jim 00r) (@) = Jim &,04,() = &,u(p)) = A0)(o(p)

for any p € M — Z(b). Thus, lim,_,  ®(w,)(q) = ®(w)(q) for every g € N
= Zy('h). Forapointg € Z,('h), ®(w,)(g) = ®(w)(g) = 0. Thus, we get the
continuity.

Recall that a subcore b has the property Ad (expu)h = b for any u € g.

LEMMA 5.4. ®(Ad (exp tu)v) = Ad (expt®(u))P(v) foranyu € gandv € .
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Proor. The right-hand side satisfies the equation

4 Ad (exp19())®(0) = [8(4), Ad (exp 19(u))B())

Let W(t,q) = Ad (exp:®(u))®(v)(¢), ¢ € N. By using a local coordinate
system x;, ..., x, at ¢ € N, the above equation is written as

3 3 9X;
@ (z+= Koz e = 3 a9

where ®(u) = 3 X;3/3x;,, W = 3, w;0/dx;.
Since

(1/8){Ad(exp(r + 8)u)v — Ad(exp tu)v}

converges to [u, Ad(exp ru)v] with 8 — 0 in the pointwise convergence topolo-
gy, we see that, for every point ¢ € N,

lim %{(D(Ad (exp (t + 8)u)) — B(Ad (exp u))}(q)

= ®([u, Ad (exptu)])(q) = [D(u), D(Ad (exp 1u)v)](g)-

Put W(t,q) = ®(Ad (exp tu)v)(g). Then the above equality means that W(t,q)
is differentiable with respect to ¢, and satisfies the same differential equation
(). Since W(0, *) = WA(0, *), we have the desired formula by the uniqueness
of the solution of (a).

For any u € g, we set §, = exptu, §, = expt®(u).

LEMMA 5.5. We have @y, = {,¢.
PrROOF. By definition, we have Ad (\p,)t);‘° = b;’( p)- Thus,

By ,) = B(Ad ()5,°) = Ad () Be{,) ="BFuy )

This means ¢y, = ¥, ¢.
The above lemma shows that ¢ maps a C* curve (exp tu)(p) onto a C*®
curve (exp t®(u))(¢(p)). Now recall how we made a C* local coordinate of a

g-orbit (cf. Lemma 2.2). Then we have

THEOREM 5.1. Let ®: g —’g be an isomorphism which sends a nontrivial
subcore by to a subcore 'Y. Then there is a homeomorphism @ of M — Z,(b) onto
N — 2y('D) which is of C* on each g-orbit and satisfies ®(u) = dou.

COROLLARY 5.1 (THEOREM A). If, furthermore, g and 'g satisfy condition
(C.5), then =,(b) = Z,('y) = & and ¢: M — N is a C* diffeomorphism such
that ® = de.
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6. Several remarks for former results.

(a) Let g, ‘g be Lie algebras of C*® vector fields with compact support on
M, N, respectively. We assume that g, ‘g satisfy conditions (C,1), (C,2), (IC,2)
and (C,4) in the introduction, Z,(g) = Z,(’g) = O, and, moreover, that these
are modules over C* functions of M and N, respectively. In this circumstance,
the core of g (resp. ‘g) is just g (resp. ‘g).

PROPOSITION 6.1. Let ®: g — g be an isomorphism. Then the homeomorphism
@: M — N obtained in Lemma 5.2 is a C* diffeomorphism.

Proor. For any p € M, there is u € g such that u(p) # 0. Let f be an
arbitrary C* function on M. Then fu — f(p)u € gg (the isotropy subalgebra);
hence (®(fu) — f(p)®(u))(®(p)) = 0 by Lemma 5.1. This means &(fu)
= (p~"*f)®(u) on some neighborhood of ¢(p). Since ®(u)(¢(p)) # 0 (Lemma
5.1), we see that tp'l‘ fis of C®; hence we have the desired result.

(b) Let M be a connected, complete C* riemannian manifold. We denote
by a a C* symplectic structure or a C* volume structure defined on M. In
fact, a is a 2 or n form on M, where n = dim M. We define Lie algebras
%,(M) and %, .(M) as follows:

X,(M) ={u € ¥(M);d(adu) = 0} (J means the inner product.)
%, (M) = {u € ¥(M); alu = dy, supp y is compact},

where X(M) is the Lie algebra of all C*® vector fields with compact support. It
is well known that X,(M) is a Lie algebra and the formula

d(atulv) = aifu,v]

shows that [%,(M),%,(M)] C %, .(M). As for the above formula, see [1, p.
98] for the case that a is a symplectic structure, but the similar computation
shows that this is also true for volume structures.

LemMA 6.1. X, (M) is the core of £, (M).

PRrOOF. By a partition of unity, we see that ¥, .(M) has the property (P).
Thus, ¥, (M) C C(%,(M)). For any u € C(X,(M)), u can be written as a
finite sum u = X up such that ug € C(X,(M)) and the diameter of the
support of up is sufficiently small. We may assume that supp ug is contained in
an open neighborhood U which is diffeomorphic to R”". Hence by the Poincaré
lemma, there is 7 such that alug = dyﬁ and supp ¥g C U, because d(aJup)
= 0. Therefore, ug € ¥, (M) and hence we have ¥, (M) = C(%,(M)).

(c) Now, assume M is a closed manifold. Then the core of X (M) is
characterized algebraically by X,(M ). Namely, we have

LeMMa 6.2. [X,(M),X,(M)] = X, .(M).
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PROOF. Define a C*® riemannian metric on M such that the volume element
du with respect to this metric is given by a itself (if a is a volume structure) or
a™ (if a is a symplectic structure), where 2m = n. Since M is closed, one can
use the de Rham-Kodaira decomposition theorem, and as a result, if
alu = dy, then y can be chosen so that it may satisfy y = Ay’ for some y’
such that 8y’ = 0, where A = d§ + 6d. Namely, we have y = 8dy'.

Let {W,} be a finite open covering of M such that every % is contained in
a coordmate neighborhood, and let {¢ﬂ} be a partition of unity subordinate to
{Ws}). We may assume that on every W the structure a is written in the form
a=dx A Adx, or /L dx; Adxy,,. Set y=TZgys where yg
= 8d(¢ﬂy) Usmg Stokes theorem, we see that J‘W Y dp. = 0, where the
integration means the following in the case that a is a volume structure: Using
the local coordinate system (xp5...,x,), let {w, } be the dual basis of
iy Ao Ndxy Ao ARy A A dixyin AT 51 M with respect to the
given nemanman metric on M and set yg = 2 7 4% . The integration
means, of course, 2 ( f% Y, qd;t) . In what follows in this section, the
1ntegratxon is always the componenthse integration with respect to the dual
basis {w, .}

In both cases, suitable extensions of 3/0x;,i = 1, ..., n, are contained in
X, (M) (cf. [9, p. 121] for instance). We use the same notation for the extended
vector fields. Note that we may assume without loss of generality that L7 isa
2¢-cube in the coordinate expression.

Set

€ 4
I(l,...,k) =f_e°"f_e‘{ﬂ(tl,...,tk,xk“,...,xn)dll . 'dt

and let ¢(r) be a C* function of (—ee) such that supp¢ C (—e,¢) and
*, ¢(r)dt = 1. Then we have

Y8 =Ygt Vg2t Vg
where
Ya1 =Yg — ¢(x1)1(|),
k= o0x) ol Mo, k-1 — ¢E . 0} 1<k <n)

Since lna..n= = 0, we see y5, = o(x)) -+ o(x, _,)l(l _____ n-1)- Now, we see
easily that f_e Ypxdx; = 0 for any k. Therefore g, = f_e Ypx A% is well
defined and supp 75, C Wj. Obviously, 334,/9x; = v, Let ug, and i) be
vector fields defined by alug, = dygy,alids; = dig, . Then we have

3, d 3
oty = g i) = a5 i) = o3|



LIE ALGEBRAS OF VECTOR FIELDS 107

Hence, we see ug) € [%,(M),%,(M)]. Thus, X, (M) C [X,(M),%,(M)].
This implies the equality, because the O side is already known.

7. Multivalued primitive structures on each orbit of a core. Let g be a Lie
algebra of C*® vector fields on M with the conditions (C,1), (C,2), (IC,2) and
(C4), and N a Ag)-orbit of p, p € M — 5(C(g)), where Ag) is the core of g.
The restriction C(g), of Xg) onto N has the properties (i)~(iv) of Proposition
3.1. As a matter of course, C(g)y is infinitesimally transitive at every point
g € N. So, in this section we consider a Lie algebra I' of C® vector fields on
a connected manifold N which satisfies the following conditions:

(A) Every u € T is complete.

(B) Ad (expm)F =T foranyu € T, ¢t € R.

(C)f Ad (exptuvdt € T forany u, v € T.

(D) T is infinitesimally transitive at every point.

(E) T is primitive, i.e., the isotropy subalgebra I, at p € N is a maximal
subalgebra of T' (cf. Theorem 3.1).

(F) Let K, g be a compact set of N and a point of N such that K 9 gq.
Let € be an arbitrary positive number. For any 4 € T such that u(g) # 0,
there is v € T with the following properties:

(a) v = u on a neighborhood of q.

(b) v = 0 on a neighborhood of K.

(c) The diameter of the connected component of supp v containing g is
less than e, where the diameter is given by using an arbitrarily fixed complete
C® riemannian metric on N.

Now, by condmon (F) we see that dimT = co. For any p € N, we set

={uerl;j /p u = 0}, where jp is the kth jet at p. We then have a series

r=r’! DI“’DI“:)---DF"D

such that [LY, L] c Y and dim LY/T¥*! < 0. Let & be the group
generated by {exp tu; u € T'}. Then, @ acts transitively on N because of
condition (D) and the connectedness of N. By condition (B), we can define
Ad (exptu): T — T as a Lie algebra automorphism, and it is easy to see that
Ad (exp tu)l‘" = "( »)» Where ¢, = expu.

LemMA 7.1 Let I? = N I"k Then T/LX is an infinite dimensional filtered Lie
algebra with the ﬁltratzon { I‘"/ L7}

PROOF. It is clear that {I‘"/ [*,k=-1,0,1,2,...}is a filtered Lie algebra

(cf. [7), for instance, for the definition of filtered Lie algebra). Assume I/LX is
a finite dimensional Lie algebra. Then, of course, I‘°° is a closed ﬁmte
codimensional ideal of I'. By Lemma 2.1, we have Ad (exp e = I‘°° for
any u € I. On the other hand, we have Ad (exp tu)l‘°° = I‘°‘E by deﬁnmon
Hence l"°° = I[” for any ¢ € N. This means L= {O} hence dimT < .
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Now, by taking {L}/L;°,k = —1,0,1,2,...} as a basis of neighborhoods of
zero, we define a topology on that filtered Lie algebra. Let A*(T,p) be the
completion of l'l‘,"/ L in the above topology. We set A~(T,p) = AT, p). We
have then a series UA(T,p) D A'(T,p) O -+ D A¥(T,p) D :-+ such that
N5, p) = {0}, [X*(T, p), %' (T, p)] C A**(T, p), A*(T, p)/A**' (T, p)
= I,‘,"/ l;,"'”. Of course, A(T, p) is complete in the above topology. Now, by
condition (E) we see that {4*(T,p),k = —1,0,1,2,...} is a complete, primi-
tive transitive filtered Lie algebra, that is, primitive TLA in the notation of [7].

Let F be the totality of formal power series >, a"; x*3/9x; of vector fields on
R.Let F*=(u € Fu = 2lal>k+1 a. x*9/9x;). Define a topology by tak-
ing {F*} as a basis of neighborhoods of 0. Then F is a complete filtered Lie
algebra. Remark that by the same procedure as above we can make a complete
filtered Lie algebra %(I",0) C F for any (local) Lie algebra I defined on a
neighborhood of the origin of R”. So for that given I', we can make a local Lie
algebra I (using local coordinates at p) such that %(I",0) is isomorphic to
A(T, p). We fix such Lie algebra I'' on a neighborhood of 0 of R".

Let Gp be the linear group of all jets jlf of a local diffeomorphism
f: (R",0) = (R",0) such that f induces an isomorphism of %(I",0) onto itself.
Let B, be the space of all jets Jjoh of a local diffeomorphism h: (R",0)
— (N, q) such that 4 induces an isomorphism of %(I",0) onto %A(T, ¢). Remark
that Ad (exp r)%*(T, p) = AX(T, o,(p)), o, = exptu, for any k, and therefore
dp,B, = B, ,. Namely, the bundle B = U,cyB, is invariant under the
action of ©. Remark that for any ¢ € N there are v}, ..., y, € T such that
the mapping (4, ...,t,) = (exp(f,y; + - -+ + 1,u,))(¢) gives a C* coordinate
at g (cf. Lemma 22). Set ¢, ) = exp(fvy, + -+ +1,u,). Since
d9,....)Bp = By, . (p) thisgivesa C* local trivialization of B and hence
B is a C*® bundle over M. It is easy to see that B is a Gp-principal bundle,
which is canonically imbedded in the frame bundle, i.e., B is a Gp-structure.

The following is clear by the above arguments:

LEMMA 7.2. The group & is a subgroup of the group of the automorphisms of
the Gp-structure defined above.

Let gr be the Lie algebra of Gp. gp is a subalgebra of gl(n) (= n-by-n
matrices). Since dimI' = oo, gp must be of infinite type.

LEMMA 7.3. gp contains an element of rank 1.

ProoF. Suppose gr contains no element of rank 1. Then it is well known
that there is a linear, elliptic differential operator D of order 2 on N such that
any infinitesimal Gp-automorphism u on N satisfies Du = 0 (cf. for instance
[8]). Now, the following is also well known (cf. [6, Lemma 3.11 and its proof,
pp. 196-197)). For every s > 0, there exists 8(s) > 0 depending on s such that
if the diameter of the support of a C® vector field u is less than §(s), then
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\Dull, > Cyllull,,,, where the norms are usual L$- and L5 %-norms.

Since Du = 0 for any u € TI', the above inequality contradicts condition
(F). Hence, we have that gy contains an element of rank one.

Now fortunately the primitive TLA’s are completely classified (cf. [12], [7],
[3] and [11]). There are 14 cases of such primitive TLA’s. In the list of primitive
TLA’s, we can pick up the primitive TLA’s whose gp contains elements of
rank one. Then, we have the following six cases:

(i) A(X(R"),0): £(R") is the Lie algebra of all C* vector fields on R”".

(ii) A(%,(R"),0): n = 2m + land @ = dxy + ™, x,,,,dx;. £, (R") is the
Lie algebra of all C*® contact transformations.

(iii) and (iv) AREX,(R"),0):a =dx; A -+- Adx, or Zdx; A dxp,;
(n = 2m). X, (R") is the Lie algebra of all infinitesimal a-preserving transfor-
mations on R".

(v) and (vi) (X, (R"),0):  is as above, %,.,((R") = {u € X(R");

d(alu) = ca}, where ¢ is a constant depending on u.

All others are related to complex structures and it is not hard to see that gp

contains no rank one element because g is contained in

C - id +%%(1",0)/%" (1", 0).

From now on, the argument goes case by case.

(a) The case A(T, p) = A(X(R"),0).

If this is the case, we have nothing to prove. N has a C*® structure. However,
we have to remark that the above isomorphism means the following: Let
X, ..., X, be a local coordinate at p. Take the Taylor expansions of allu € T
at p with respect to that coordinate and take the closure in F. Then, we get a
Lie subalgebra %(T,(x,,...,x,),p) of F, but the above isomorphism means
that AT, (x,,...,x,),p) = A(X(R"),0) for a suitable choice of coordinate.

(b) The case U(T, p) = A%, (R"),0).

For any point p € N, there is a local coordinate xy, X;, ..., X5, atp
such that AT, (xp, x;,...,X,),p) = AX,(R"),0) where o =dx,
+ 3/%| X,u4:dx;. Remark that the space E = {X € [,R"; wJX = 0} is char-
acterized as the invariant subspace of the linear isotropy subalgebra
910(350(11"),0) /U (%, (R"),0) of £_(R"). So using the above local coordinate
we define a one-dimensional subspace L, = {Adxy; A € R} in the cotangent
space T N at p. Since Ad(expm)U(T,p) = U(T,,(p)), we see that @ L,
= L,-1(,), and by the same reasoning as to give a C® structure on B, we see
that L = U, yL, is a C* line bundle over N. Hence, there is at most a two-
valued C* cross-section w of L — {0}. By the same argument as in [9, pp. 121
and 134], we see that w is locally a contact 1-form. We call w a multivalued
contact structure on N, but this is not good terminology. The automorphism
group of this structure is the group of diffeomorphisms ¢ which leave L
invariant. Of course, & is its subgroup.
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() The case U(T,p) = AX,(R"),0),a =dx; A -+ Adx, or Zdx;
A dxm+i‘

For every point p € N, there is a local coordinate x|, ..., x, such that
AT, (x;, ..., x,),p) = A%, (R"),0). Remark that a can be characterized by
%(%,(R"),0) up to a constant factor. (See [9, pp. 133-134] for the precise
reasoning.) Using the above local coordinate, we define a line bundle
L=UeynL,, L,=R-dxy A -+ Adx, or R-(Zdx; A dx,, ,). By the
same reasoning as in (b), L is a C* line bundle over N and the group & leaves
L invariant. Let #: L — N be the projection. Remark that any local section of
L — {0} is of maximal rank.

Now, every u € T defines a C* vector field ¢ on L. Indeed, forany § € L,
we set i@(8) = d/dt|,_q(exp —tu)* 8. (Note that c(f) = (exp—tu)*5 is a C*
curve in L such that ¢(0) = 8.) We set I'(8) = {ii(8);u € T}.

LeMMA 74. D = Uy, T(8) is an involutive horizontal distribution on L,
where “horizontal” means that (dn)s: Dy — T,z N is an isomorphism for any
dEL

PrROOF. Let 6 € L,. We use the local coordinate x,...,x, at p. § is
written as § = Adx; A -+ A dx, or X dx; A dx,,,;), where A € R. i(5) is
then given by (— 3 u'(p)3/3x;, (8,8)(p)), where u = 3 u'3/dx; and § is just
8 regarded as a constant tensor field on that coordinate system. Hence, we see
immediately that I'(8) contains no vertical vector, because (2,5)(p) = L, Aa
= 0. Hence, we have D is a horizontal distribution on L. This is involutive
because I is a Lie algebra.

Now we take a nontrivial maximal integral submanifold of this distribution
D and call it a. It is clear that aj is invariant under the action of &, and,
hence, locally 8,a, = 0 for any u € T. Since I is infinitesimally transitive at
every point, we see that ay is locally constant and hence a closed form. Since
a, is of maximal rank, we see that o is locally a volume form or a symplectic
form.

We call o a multivalued symplectic or volume structure on N. For each
P € N, there is a local coordinate x,, ..., x, such that ay = {Adx; A ---
A dx,} or (N2 dx; A dx,,,;)}, where A moves in a subset A of R — {0}. Let
N be the universal covering space of N and II the covering transformation
group. Then the multivalued structure on N is nothing but a symplectic or
volume structure &, on N with v*a, = 1(y)a, for ¢ € II, where 7(y) is the
constant depending on y. The set A is given in fact by 7(IT); hence A is a
multiplicative subgroup of R — {0}.

A typical example of multivalued structure is given as follows: Let
N = R%/Z?. On R? we consider &, = e¢”*”dx A dy. Then, this defines a
multivalued structure a; on the torus R%/Z2.

(d) The case U(T, p) = (X, i (R"),0).
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Remark that

A(E, o (R"),0) = (z x,.{’;) ® A, (R"),0).

It is not hard to see that A(X,(R"),0) is the only one closed ideal of
codimension one which is transitive and primitive by itself. (Here, we used the
classification table.) Now, at each p € M, there is one codimensional ideal I;,"
of T such that QI(I‘* ,p) == A(X,(R"),0) and this isomorphism can be extended
to an 1somorphlsm of A(T,p) onto A(X, or(R"),0). It is now clear that
Ad(exp tu)F L, However, by Lemma 2.1, we see that L} = I'
hence I‘ does not depend on p. Thus, we write I'* instead of I""

Usmg I'*, we make a line bundle L and an involutive honzontal distribution
D on L by the same procedure as in (c). Since Ad (expm)[* = I'* for any
u € T, we see that D is invariant under the natural action of the group &. We
have already seen that a nontrivial maximal integral submanifold a; of D is a
multivalued volume or symplectic structure.

Note that for any v € T, (exp tv) a, is also an integral submanifold of D
and hence L, (exp w)* ay = 0 locally for any u € I'*, but this shows
(exptv)* ay = cap, because I'™ itself is infinitesimally transitive at every point.

Now, we recall condition (F). Then, it is clear that ¢ must be 1. In other
words, I'* = T. Hence, the case A(T,p) = A(X, .,n;(R"),0) does not take
place.

By summing up the above results, we have

THEOREM 7.1. There is a multivalued primitive structure ay on N such that the
group & is contained in the automorphism group of « structure, where a is, of
course, one of a C*® structure on N (ay = &), an at most two-valued contact form
(ag = w), a multivalued symplectic form (ag = Q) and a multivalued volume
Jorm (ag = dV').

8. Classification of transitive cores, proof of Theorem B. Let g be a Lie
algebra of C* vector fields on M with (C,1)~(C,5), and € the core of g. In this
section, we assume furthermore that @ itself is infinitesimally transitive at
every point. By Theorem 7.1, there is a multivalued primitive structure a; on
M such that € is a subalgebra of the Lie algebra of all infinitesimal
automorphisms of & with compact support. More precisely, € is contained in
one of the following Lie algebras:

(i) X(M): Lie algebra of all vector fields with compact support.

(i) £,(M) = {u € ¥(M); (exp m)*L = L), where L is the line bundle
given in §7(b).

(iil) X (M) = {u € (M ); ,Q = 0} where  is a multivalued symplectic
structure on M.

(iv) %, (M) = {u € ¥(M);,dV = 0}, where dV is a multivalued volume
structure on M.
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Since
2 = {NZdx, A dx;,, ) A € A},
dv = {Mdx; A +++ A dx,; A € A'}

and A, A’ C R on a suitably chosen local coordinate neighborhood at every
point, we see that the definitions (iii) and (iv) make sense.

Let a; be one of @ (i.e., the case (i), w, € and dV and let a be one of J,
dxy + iy X;dx; (0 = 2m + 1), Sdx; A dx,,,;(n = 2m) and dx; A -+
A dx,onR". £,(R") is the Lie algebra defined just after Lemma 7.3. Now the
following is easy to see (see for instance [9, §X, p. 119]):

LeEmMA 8.1.
AX,, (M),p) = AZX,(R"),0) foranyp € M,
where (%, (M), p) is the Lie algebra defined between Lemmas 7.1 and 7.2.
The following lemma is proved by using property (C,3).
LeEmMa 82. g D aiao(M ) D @G

ProOF. Recall the argument in the previous section. By the arguments in (a),
(b), (c) in §7 and Lemma 8.1, we get that UA(G,p) = %(x%(M ),p) for every
P € M. This equality means the following: Let u € X, (M ). For any p, and
for any k > 0, there is %" € € such that J;,"u = j;'k;:‘. Thus we see that
g D &, (M) because of property (C,3). The inclusion € C %,,(M) is already

proved in §7.
COROLLARY. € is equal to the core of x,,o(M ).

The proof is trivial because the core is the maximal subspace with property
(P).

Therefore, for the proof of Theorem B, we have only to fix the core of
X, (M)

2a) ay = J. There is nothing to prove. We see that the core of ¥(M) is
X(M) itself.

(b) ag = w.

LEMMA 8.3. The core of X,(M ) is X (M) itself.

PRroOF. In case w is a single-valued form, it is easily seen by the following:
If 8,0 = hw, then for a given f € C*(M) there exists a C*-vector field v
with suppv C suppf such that if ¥’ = fu + v, then &, 0w = Hw. Also, v is
unique if wlv = 0. (See [9, Lemma 8.3.1, p. 98] for a precise proof.) Now
assume that the line bundle L defined in §7(b) is not a trivial bundle. Then we
take a double covering M, of M so that the pull-back of L may become a
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trivial bundle on M,. Let 'n' M, > M be the prOJectnon and ¢ the covering
transformation such that y? = id . We set @ = #*w. Then @ is a single-valued
contact form on M,. We denote by # the lift of a vector field u on M.

For any u € ¥ (M) and for a sufficiently small ¢, @ can be written as a
finite sum @ = 2 vg such that y; € ¥;(M,) and diam (suppy) < e. Put
Uy = }(v + dyug ) Then, we see that % is the lift of a vector ﬁeld ug on M.
0bv1ously, diam (supp ug) < & because y is an isometry. Since y is also a
contact transformation on M, (i.e., y*@ = f@), we have that iy € X;(M,),
but this means that ug € % o(M). Since 7 = 2,9 fg, we see that u = Ep ug.
Our assertion is thereby proved.

() ag = QordV.

Let L be the line bundle defined in §7(c). «y is a multivalued section of L.
If ay is a single-valued section, then the core of %ao(M) is already fixed by
Lemma 6.1. If «j is multivalued, the exact determination of the core will be
given in the next section. Here, we will make a preparation for that.

Assume the line bundle L is not a trivial bundle. We take a double covering
M, so that the pull-back L of L may become a trivial bundle over M,. Let &,
be the pull-back of a. @, may still be a multivalued form on M,. Let y be the
covering transformation such that y? = id, ¢ # id . Then we have y* a
= —ay. Let 7 be the lift of a vector field u on M onto M,. Let C(¥, (M,)) be
the core of X (Mz).

LEMMA 84. The lift of the core of %, (M ) onto M, is given by {w
€ €&, (My)); dw = w).

ProoF. Let C(%, (M ), €%, (M))" be the core of %, (M) and its lift,
respectively. For any wE @(iﬁo(Mz)) such that dyw = w, it is clear that
w € C(%, (M ))” by the same reasoning as in Lemma 8.3. Hence @(& M)
> (v & 6, (M)); dyw = w.

On the other hand, for any sufficiently small ¢ > 0, every u € G(i M))
can be written as a finite sum u = 35 up such that ug € e(x (M)) and
diam (suppug) < e. Therefore, 7z € e(ae (M)) and g =uyg+ d\pv such
that diam (supp vg) < e. We consider a hnear subspace of ¥z (M) spanned
by those vg, dyup for every u € X, (M ). Then it is easy to see that the linear
space has property (P). Hence, we have e(x M) c{we G(&,o(Mz))
dyw = w}. Our assertion is thereby proved.

REMARK. By the above lemma, we have only to treat the case that L is trivial
to know the core of xao(M )-

9. Classification of transitive cores. II.

(A) Now we start with a multivalued symplectic or volume structure a on
M, which is given as a multivalued section of the trivial line bundle L. Since
L is trivial, there is a C*® section 8 of L — {0}. Therefore, we know that M is
orientable. Let M be the universal covering space of M and &, B the pull-
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backs of % B, respectxvely @ is then a single-valued symplectic or volume
form on M. We have then B = gd, on M, where we may assume that g is a
positive C* function. If a; is a single-valued form on M, then we set g = 1.
Let II be the covering transformation group of M. For any ¢ € II, we see
V*B = B, and y* & = 1(})&, where 7(}) is a constant depending on y (cf. the
last paragraph of §7) Therefore, we see y*g = g/r(}). 'I’hough gisnot a
function on M, 8 = dg/g is a closed 1-form such that \P @ = 8, and hence
defines a closed 1-form 8 on M. We see easily that d8 = 8 A B.
Let Dyycont(M) be the group of all C* diffeomorphisms ¢ such that
o ay = c(q>)a0, where c(p) is a po sitive constant dependmg ong. Letp bea
lift of @ onto M. Then we have ¢* &, = c(p), and ¢* (§*g/g) = ) *g/g for
any ¢ € II, because Y§ = @y. Moreover, $*B = (3" g/g)c(tp)B hence
(§*2/2)c(p) defines a posmve C? function f, on M such that ¢ *B = LB Tt
is easy to see that (¢'9)* B = (¢* fo) S B

Let I'(1,,) be the space of all C°° functlons on M and I, (1,,) the space of
all positive functions on M. T, (1) is a group under natural multiplications.
We make a semidirect product I, (1,,) * (M) (where (M) is the group of
all C* diffeomorphisms of M) by defining (f’,¢’) * (f,9) = ((¢*f) [, ¢'®).

There is a natural inclusion i of D, ... (M) into I (1)) » D(M) given by
i(p) = (£, ).

Now, as usual, we can define a Lie algebra structure on I'(1,,) ® ¥(M)
associated with the above group structure. This is given as follows:

[(f’ u)» (f,’ u')] = (u,f_ uf” [“: u’])’ where [ua u'] = uu— ud.

Let I(7;}) be the space of all C*® 1-forms on M and (A T;}) the space of
all C*® k-forms on M. We define an (anti) actlon p of I‘+(1M) * GD(M ) on the
space l“(/\‘TM) @ I(Ty), e =2o0r n by p(e &) = (7 9 Y6 oty — df).

If (¢/,9)(B,8) = (B,0), then ¢*B = e/B and df = ¢*0 — 4. Since §
= dg/g, the second equality shows that df = d(log (¢*g/g)), where [ is the
pull-back of f onto M. Hence, we have e/ = cp*g/g, where c is a constant.
From the first equality, we have @*&, = c&,. Thus, the constant c is
determined by ¢, and, moreover, el = c(@)9*g/g; hence (¢/,9)
€ D, cont(M ). The converse is easy to check.

Consider a curve (e, ¢,) such that f, = 0, ¢, = id, and £, @, are of class
C* with respect to (t,x), x € M. Seth = 8/3,|,_qf;» u = 98/9,,=o®,. Taking
the derivative of p(ef‘,tp,)(B, ) at t = 0, we have the following linear map:

A(h,u) = (R,8 — hB, £,0 — dh) = (d(Blu) + (dB)Ju — hpB,d(01u) — dh).

We regard 4 as a linear mapping of I'(1,,) & ¥(M) into T(A°Tyy) & I(T;f).
Now, if A(h,u) = 0, then h = @Ju — c, where ¢ is a constant. Using the first
equality &, 8 = hf, we have



LIE ALGEBRAS OF VECTOR FIELDS 116

(dgJid)ay + gd(ay Ji) — g {B1a — c)ag = 0,

where i is the lift of u onto M.
We remark that § = dg/g and we see d(&yJi) + cay = 0. Therefore, the
constant ¢ is determined by u and, moreover, &, ay = c(u)ay. We denote by
%, .cont(M) the Lie algebra of all u € (M) such that ,ay = c(u)ag. The
above argument shows the following:

LemMAa 9.1. The Lie algebra %, oconf(M) is given by the kernel of A:
I(1,) ® ¥(M) > T(NTy) ® I‘(TM) A(hyu) = (8,8 — hB,2,0 — dh). The
canonical inclusion of iao,co,,f(M ) into T(1,,) ® ¥(M) is given by u> (6Ju
= c(u), u).

Let «: 1,,® T, > N"'Tjf © 1,, be the bundle morphism defined by
kA, X) = (BJX, A — 01X), where 1, is the trivial bundle R X M and T,,, Tj;
are the tangent and the cotangent bundles of M, respectively. Since B is of
maximal rank, it is clear that x is an isomorphism. Define a differential
operator D by the following:

D:T(N'Tp) @ I(1,,) » D(NTE) © I(T3)),

D(n,g) = (dn— 8 A n — gB,—dg).
Then it is easy to see that 4 = Dx. Similarly, we define a differential operator
D of (N T) @ D(A'T;;) into T(NYT) @ TNV TF) by
DEm) = (ds—0 A&~ A B,—dn),

where —o0 < i < o0 and /\jT,{; = {0} for j < 0. We see easily D* = 0. Let
D* be the formal adjoint operator with respect to an arbitrarily fixed
riemannian metric on M.

LemMa 9.2. O = DD* + D* D is an elliptic operator.

The proof is trivial, because the symbol o(D) is equal to that of the operator
D'(ﬁ:'fl) = (dga —dn).
(B) We have now the following diagram:
IGO(M) c Ioro,corlf(ﬂl)
Ni
I'(1,) © XM

K

P(AS2Th) —2s DA~ 1T2) & I(1,p) —2— D(ATY) © I(Th)

where %, (M) is defined in §8, i(u) = (0Ju — c(u), u) and D: I(N7*T7)
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- I(N'T) @ T(1,,) is given by D(¢) = (d£ — 8 A £,0). By definition,
¢(u) = 0 for any u € ¥, (M). Therefore xi(%, (M)) C I( /\"'TA’;) o {0},
i.e., ki(u) = (BJu, 0).

Now, we set

i%'c(M )={u€ .%ao(M); ki(u) = Dy, suppy is compact},

where, of course, a; is a multivalued symplectic or volume structure.

LeMMA 9.3. %, (M) is the core of X, (M) and of X, coni(M ).

ag,C

PROOF. It is easy to see using a partition of unity that X, (M) has property
(P). Therefore it is contained in the cores of %, (M)and X, .on¢(M). To prove
the converse, it is enough to show that any u € &ao'm,(Mo) with a sufficiently
small support is contained in £, .(M). It is easy to see that u € iao(M ),
because ay lu = 0 outside of the support.

Assume that supp u is contained in an evenly covered open ball Uin M. Let
a2 M — M be the projection. U = #~!(U) is then a disjoint union of open
balls y(U’), ¢ € II, where II is the covering transformation group and U’ is
an open ball in M which is diffeomorphic to U through the projection . Now,
recall that «i(u) = (B81u, 0) and d(B1u) — 8 A (BJu) = 0. Therefore, d(Bd)
— 8 A (Bia) = gd(ayld) = 0, where @ is the lift of u onto M. By the
Poincaré lemma, there is ¥’ such that (&,7)|U’ = dy’ and suppy’ C U’. Let
7(y) be the constant defined by y* &, = 7(y)&,. Then we have

&Ji=d ‘pgn W) vy

Since YU’ N YU’ = & for any ¢, Y’ € II such that § # ¢/, the right-hand
side is well defined. Note that y*g = T(tp)—lg. We have then

pai = d 3 1 (en)) =0 A (3 9 Ge))

Since ¥y ey ¥*(gv’) is invariant under the action of I1, this defines a form y
on M such that suppy C U, and BJu = dy — 8 A y = Dy. This proves the
lemma.
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